2+ and allowed electric-dipole matrix elements between these states are evaluated using a relativistic all-order method in which all single, double and partial triple excitations of Dirac-Fock wave functions are included to all orders of perturbation theory. Matrix elements are critically evaluated for their accuracy and recommended values of the matrix elements are given together with uncertainty estimates. Line strengths, transition rates and lifetimes of the metastable 5d 3/2 and 5d 5/2 states are calculated. Recommended values are given for static polarizabilities of the 6s, 5d and 6p states and tensor polarizabilities of the 5d and 6p 3/2 states. Uncertainties of the polarizability values are estimated in all cases. The blackbody radiation shift of the 6s 1/2 − 5d 5/2 transition frequency of the Lu 2+ ion is calculated with the aid of the recommended scalar polarizabilities of the 6s 1/2 and 5d 5/2 states. Finally, A and B hyperfine constants are determined for states of 175 Lu 2+ with n ≤ 9. This work provides recommended values of transition matrix elements, polarizabilities and hyperfine constants of Lu 2+ , critically evaluated for accuracy, for benchmark tests of high-precision theoretical methodology and planning of future experiments.
I. INTRODUCTION
The development of high-precision optical atomic clocks is important for many applications [1] , including precision timekeeping, tracking of deep-space probes, study of many-body quantum systems [2] , relativistic geodesy with potential future application to monitor volcanic magma chambers and earthquake prediction [3] , and tests of fundamental physics such as search for variation of fundamental constants [4, 5] tests of Lorentz invariance [6] , search for topological dark matter [7] .
While trapped ion clocks achieved ultra-low uncertainty of 3 × 10 −18 , realised with octupole transition in Yb + [8] , a significant bottleneck for further improvement of accuracy arises from relatively low stability achievable with a single ion [1] . Recently, singly ionized lutetium has been proposed as a possible candidate to overcome this hurdle via the use of large ion crystals with a special scheme to cancel the effect of micromotion [9, 10] . The crucial condition for the implementation of such a scheme is the negative value of the scalar polarizability difference for the clock transition [9] [10] [11] [12] . We find that Lu 2+ is another system which satisfies such a condition with low-lying metastable state that may be suitable for clock development. In this work, we study relevant parameters of Lu 2+ , including transition matrix elements, lifetimes, polarizabilities, hyperfine constants and the blackbody radiation (BBR) shift of the potential clock transition.
The properties of neutral, singly and doubly ionized lutetium were investigated recently in Refs. [13] [14] [15] [16] [17] . Dzuba et al. [14] evaluated excitation energies, ionization potentials and static dipole polarizabilities of lutetium using a combination of the configuration interaction method and the all-order single-double coupledcluster technique. The calculations in [14] included Breit and quantum electrodynamic corrections. Dzuba [15] calculated excitation energies of the lowest states of Lu + and Lu 2+ using a simplified version of the method used in [14] but leading to results of comparable accuracy. Kozlov et al. [16] studied a wide range of neutral atoms and ions suitable for ultraprecise atomic optical clocks, in which the BBR shifts of the clock transition frequencies are naturally suppressed, and presented calculations of the BBR shift in Lu + . Atomic properties of Lu + were investigated by Paez et al. [17] where a joint experimental and theoretical investigation of Lu + as a clock can-didate was reported and measurements relevant to practical clock operation were made. Calculations of scalar and tensor polarizabilities for clock states over a range of wavelengths were also given in [17] . Arnold and Barrett [13] show that Lu 2+ is among the clock candidates with an upper D state for which shifts from rank 2 tensor interactions can be practically eliminated by operating at a judiciously chosen field-insensitive transition.
Early publications include only few experimental [18, 19] and theoretical [20] [21] [22] [23] studies of Lu 2+ . The one-electron spectrum of Lu 2+ was studied by Kaufman and Sugar. The ns series was used to derive an ionization energy of 169049±10 cm −1 . The ground state hyperfine constant was measured in the same work [18] . Subsequently, 5f − ng (n = 5, 6) lines and ng levels of Lu 2+ were reported by Kaufman and Sugar [19] . Migdalek [20] reported calculations of relativistic model-potential ionization energies and transition probabilities in the one-electron spectrum of doubly ionized lutetium employing a technique that includes valencecore exchange and correlation. The influence of polarization of the core by the valence electron on ionization energies and transition probabilities was also studied in [20] . Relativistic ionization energies and fine structure intervals of 4f 14 nl states in Lu 2+ ion were computed by Koc and Migdalek [21] . Weighted oscillator strengths and radiative transition probabilities of Lu 2+ were evaluated by Biémont et al. [22] using relativistic Hartree-Fock (HFR) technique described by Cowan (1981) in which core-polarization effects are incorporated. Quinet and Biémont [23] calculated Landé g-factor for over 1500 energy levels of doubly ionized lanthanides (Z = 57-71) using the HFR method combined with a least-squares fit of the eigenvalues to observed energy levels; the resulting energies were compared with previous experimental and theoretical values.
In the present work, a relativistic all-order method is used to calculate properties of the first 30 excited ns, np, nd, and nf states of Lu 2+ . Electric-dipole matrix elements for allowed transitions between low-lying 6s − np, 6p − ns, 6p − nd, 5d − np and 5d − nf states of Lu 2+ are calculated and recommended values are given for the electric-dipole matrix elements. Line strengths, transition rates and lifetimes are calculated for the metastable 5d 3/2 and 5d 5/2 states. Scalar and tensor polarizabilities of the 6s, 5d and 6p states are evaluated and recommended values of the polarizabilities are given together with uncertainties in these values. Results for static scalar polarizabilities of the 6s 1/2 ground and 5d 5/2 excited states are used to determine the BBR shift of the 6s 1/2 − 5d 5/2 clock transition frequency of Lu 2+ . Finally, we investigate the hyperfine structure in 175 Lu
2+
and evaluate hyperfine A and B constants for low-lying levels with principal quantum numbers n ≤ 9.
II. CORRELATION ENERGIES OF Lu III
Contributions to energies of Lu 2+ are listed in Table I . These contributions include the zeroth-order Dirac-Fock energy E (0) , relativistic second-and third-order manybody perturbation theory (MBPT) correlation energies E (2) and E 3) , all-order energies in the single-double (SD) approximation E SD in which single and double excitations of the Dirac-Fock wave function are summed to all orders of perturbation theory and all-order single-double partial triple (SDpT) energies E SDpT in which single, double and the dominant class of triple excitations are summed to all orders. The SD energy E SD includes E (2) completely but misses part of the third-order energy. The missing part E
extra is included perturbatively in the total SD energy. The triple-excitations terms in the SDpT wave functions were originally discussed by Safronova et al. [24, 25] ; these terms automatically include the entire third-order energy and substantially improve the accuracy of the SD functions. The SDpT functions have been used in a number of publication [26] [27] [28] [29] [30] [31] [32] [33] [34] to evaluate multipole matrix elements.
As expected, the largest contribution to the correlation energy comes from the second-order term E (2) . This term is relatively simple to calculate; thus, we calculate E (2) with higher numerical accuracy than E SD and E SDpT which are limited to partial waves with l ≤ 6. The second-order energy E (2) , by contrast, includes partial waves up to l max = 8 and is extrapolated to account for contributions from higher partial waves (see, for example, [33, 34] ). In the column headed E (l>6) of Table I , we list the difference of the value of E (2) obtained with extrapolation and the value of E (2) evaluated with l max = 6. The columns in Table I headed B (1) and B (2) list the first-order Breit energy and the second-order BreitCoulomb energy.
The third-order, SD and SDpT correlation energies are defined by E 2) . The relative correlation contributions E corr /(E (0) + E corr ) in percent are given in the final three columns of Table I . Comparing the values listed in the last three columns, we find that the largest correlation contributions are for energies evaluated in the SDpT approximation. The largest correlation contributions (about 7%) are for the 5d 3/2 and the 5d 5/2 levels. The smallest ones (about 1.5%) are for the nf j (n 6 -8) levels. For these levels the Breit corrections B
(1) and B (2) are smaller than for other levels displayed in Table I . We do not list QED correction, however, estimates of the QED corrections are included in totals given in Table II [35] are given in the column of Table II headed E NIST . This column is followed by theoretical removal energies E 
is the zeroth-order Dirac-Fock energy, E (2) and E (3) are the second-, and third-order Coulomb correlation energies, E SD and E SDpT are the Coulomb correlation energies in the SD and SDpT approximations, E (3) extra is the part of the third-order energy missing in the SD approximation, E (l>6) is the contribution to the second-order energy from partial waves with l > 6 and B (1) and B (2) are first-order Breit and second-order CoulombBreit energies. The correlation energies are E 2) . Relative contributions to the correlation energy Ecorr./(E (0) + Ecorr.) in percent are given in the last three columns. 
. Relative differences (in percent) between the theoretical third-order and all-order energies and the experimental data, δE = (E tot − E NIST )/E NIST , are given in the final three columns of Table II . The smallest differences are obtained using the SDpT method. Results for the 8d, 9d, 8p, and 9p levels are not included in Table II since these levels are not included in the NIST database [35] .
III. ELECTRIC-DIPOLE MATRIX ELEMENTS AND LIFETIMES
In Table III , recommended values of reduced electric dipole matrix elements of 49 6s − np, 6p − ns, 6p − nd, 5d − np and 5d − nf transitions are presented. The absolute values in atomic units (e a 0 ) are given in all cases. Matrix elements for eight 6s − np (n = 6 − 9) transitions, eight 6p − ns (n = 6 − 9) transitions, nine 6p − nd (n = 5 − 7) transitions, twelve 5d − np (n = 6 − 9) transitions and twelve 5d − nf (n = 5 − 8) transitions are evaluated. The recommended values of the matrix elements for these transitions are listed in the column headed "Final". To determine these values and estimate the corresponding uncertainties, we carried out a series of calculations using different methods of increasing accuracy: lowest-order DF, second-order MBPT, third-order MBPT and all-order methods. The MBPT calculations were carried out using the method described in Ref. [36] .
Comparisons of values obtained in different approximations allow us to evaluate the size of the second, third and higher-order correlation corrections as well as estimate uncertainties in the final values. The evaluation of uncertainty of the matrix elements using this approach was described in detail in Refs. [31, 37] . The uncertainty evaluation is based on four different all-order calculations. 
and E SDpT tot
) are compared with recommended NIST energies ENIST [35] . The relative difference δE = (Etot − ENIST)/ENIST in percent is given in the three last columns. These include two ab initio all-order calculations, carried out with and without the partial triple excitations and two calculations that included semiempirical estimates of high-order correlation corrections starting from both ab initio runs. We use the differences in these four values to estimate the uncertainty in the final results for each transition. The estimates are based on an algorithm that accounted for the dominant contributions. The column labeled "Rel.unc" in Table III gives relative uncertainties of the final reduced matrix elements in percent. We could not carry out the scaling for the 8d, 9d, 8p, and 9p levels since there are no experimental energy values available. As a result, we used only the SD and SDpT values to determine the uncertainties listed in two last columns of Table III . Uncertainties given in the column "Rel.unc" of Table III are in the range 0.38% -2%. However, there are matrix elements with uncertainties equal to 19% and 27%. Such large uncertainties occur only for very small matrix elements, 0.0225 and 0.0099, respectively, where the relative contribution of correlation corrections is very large. Uncertainties for larger matrix elements, such as the 6s − 6p matrix element, are much smaller (0.38% and 0.40%). Uncertainties in matrix elements of 5d−nf transitions are smaller than those of the 5d − np transitions.
Line strengths S (a.u.), transition rates A (s − Table IV .
IV. SCALAR AND TENSOR EXCITED STATE POLARIZABILITIES
The scalar α 0 (v) and tensor α 2 (v) polarizability of an excited state with one valence electron v are given by
and
where C kq (r) is a normalized spherical harmonic and where the indices nlj in the sums range over np j , nd j , and nf j . The polarizabilities in Eqs. (1,2) can be separated into two parts: a dominant term from intermediate valence-excited states and a contribution from coreexcited states. The second term is smaller than the former by several orders of magnitude and is evaluated here in the random-phase approximation [38] . The dominant valence contribution is calculated using the sum-overstate approach using our theoretical recommended values of the matrix elements and energies from the NIST database [35] . Uncertainties in the polarizability contributions are obtained from the uncertainties in the corresponding matrix elements.
Contributions to scalar polarizabilities of the 6s 1/2 state of Lu 2+ are given in Table V . The corresponding uncertainty is given in parenthesis. The 6s 1/2 −6p 1/2 and 6s 1/2 − 6p 3/2 transitions account for 99.7% of the final value of α 0 (6s 1/2 ).
Contributions to scalar and tensor polarizabilities of the 5d 3/2 and 5d 5/2 levels of Lu 2+ are given in Table VI . The largest contribution to α 0 (5d 3/2 ) (88.5%) is from the three transitions 5d 3/2 − 6p 1/2 , 5d 3/2 − 6p 3/2 and 5d 3/2 − 5f 5/2 . Similarly, the largest contribution to α 0 (5d 5/2 ) (86.3%) is from the three transitions 5d 5/2 −6p 3/2 , 5d 5/2 − 5f 5/2 and 5d 5/2 − 5f 7/2 , see the fifth column of Table VI . Among these three contributions, the largest is from the 5d 5/2 − 6p 3/2 transition.
Contributions to the tensor polarizabilities α 2 (5d 3/2 ) and α 2 (5d 5/2 ) are given in columns three and six of Table VI. The 5d 3/2 − 6p 1/2 transition contributes 102% of the "Total" shown on the last line of Table VI since two other contributions (5d 3/2 − 6p 3/2 and 5d 3/2 − 5f 5/2 partially cancel each other. A similar behavior is found for α 2 (5d 5/2 ). The 5d 5/2 − 6p 3/2 transition contributes 87.6% of the "Total" shown on the last line of Table VI . An additional 10% contribution is from the 5d 5/2 − 5f 5/2 transition. Contributions of transitions to highly exited states such as (9 − 26)p 1/2 , (9 − 26)p 3/2 , (10 − 26)f 5/2 and (10 − 26)f 7/2 are small. Contributions to the scalar polarizabilities of 6p levels are shown in the second and fourth columns, respectively, of Table VII and contributions to the tensor polarizability α 2 (6p 3/2 ) are given in column five of Table VII.
V. BLACKBODY RADIATIION SHIFT
Calculations of blackbody radiation shifts of clock frequencies in the monovalent ions Ca + and Sr + were presented in Refs. [39] [40] [41] [42] . The BBR shift for the 4s 1/2 − 3d 5/2 transition in 43 Ca + was calculated by Arora et al. [39] using the all-order SD method. The SD method was also used by Jiang et al. [40] to calculate the BBR shift of the 5s 1/2 − 4d 5/2 clock transition in 88 Sr + . A review of recent theoretical calculations of BBR shifts in optical atomic clocks was presented by Safronova et al. [42] .
The amplitude of the frequency-dependent electric field E radiated by a black body at temperature T is given by the Planck radiation law [39] . The frequency shift of an ionic state v due to such an electric field is related to the static scalar polarizability α 0 (v) of the state by
where η is a small "dynamic" correction [43, 44] . We find that this dynamic correction is negligible compared to the present 3% uncertainty of our calculated scalar polarizabilities. The isotropic nature of the blackbody radiation field leads to averaging out of the tensor polarizability effects. The BBR shift of the clock transition frequency is the difference between the BBR shifts of the states involved in the clock transition. The static BBR shift is
The evaluation of the BBR shift of the 5d 5/2 − 6s 1/2 clock transition frequency in Lu 2+ , therefore, involves accurate calculations of static scalar polarizabilities of the 6s ground state and the 5d 5/2 excited state. Here we use the scalar polarizabilities α 0 (6s 1/2 ) = 31.91±0.18 given in Table V at T = 300 K. As mentioned earlier, the final dynamic shift, ∆ν dyn BBR (5d 5/2 − 6s 1/2 )= 0.000080 Hz, is so small that it can be neglected compared to the uncertainty induced by the polarizabilities (±0.0023 Hz).
VI. HYPERFINE CONSTANTS FOR
175 Lu
2+
Calculations of hyperfine constants follow the pattern described earlier for calculations of transition matrix elements. In Table IX , we list hyperfine constants A for 175 Lu 2+ and compare our values with available experimental measurements [18] . In this table, we present the lowest-order A (DF) and all-order A (SD) and A (SDpT) values for the ns, np and nd levels up to n = 8. The nuclear spin and nuclear magnetic dipole moment of 175 Lu
used in these calculations are I = 7/2 and µ = 2.2327 µ N We use the differences between A (SD) and A (SDpT) to estimate the uncertainty in our calculations. Taking into account the uncertainties in the experimental values [18] , we conclude that our results agree with the experimental values, which are given in the last column of Table IX. The largest difference between theory and experiment (9%) is for the 6p 1/2 level, while the uncertainty given in Ref. [18] for the 6p 1/2 level is about 2%. 
VII. CONCLUSION
In summary, we have carried out a systematic highprecision study of energies, transition matrix elements, polarizabilities, the blackbody shift and hyperfine constants for the ns, np, nd and nf (n ≤ 9), states of Lu 2+ using a relativistic all-order approach. Recommended 175 Lu 2+ . Finally, the hyperfine constants A and B of 175 Lu 2+ are determined for low-lying levels up to n = 9. This work provided recommended values of atomic properties of the ion Lu 2+ , critically evaluated for accuracy, in a systematic highprecision study. These values may be useful for benchmark tests of theory, astrophysics applications and for planning and analysis of various experiments that depend on the level structure of the ion Lu 2+ , including atomic clocks.
